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Abstract

Non-isothermal flow with convective heat transfer through a curved rectangular duct of aspect ratio 2 is numerically studied by use of the
spectral method with a temperature difference between the vertical outer (heated) and inner (cooled) sidewalls. Numerical calculations are
carried out for the Grashof numbers 18@r < 1000 over the Dean number0Dn < 1000. In the present paper, two cases of the Grashof
numbersGr = 500 andGr = 1000 are discussed in detail. After a comprehensive survey over the parametric ranges, five branches of steady
solutions are found using the Newton—Raphson iteration method for both the cases. Linear stability characteristics of each branch are then
studied. It is found that among multiple steady solutions obtained, only one steady solution is linearly stable for a single range of the Dean
number forGr = 500, for Gr = 1000, on the other hand, linear stability region exists in three different intervals of the Dean number on
the same branch. Nusselt numbers are calculated as an index of the horizontal heat transfer for differentially heated vertical sidewalls. It is
found that the convection due to the secondary flow, enhanced by the centrifugal force, increases heat transfer significantly from the heated
wall to the fluid, and whence the flow becomes periodic and then chaotic, as the Dean number increases, the rate of heat transfer increase:
remarkably with respect to a straight channel.

0 2005 Elsevier SAS. All rights reserved.
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1. Introduction presence of channel curvature. Studies of the flow through
a curved duct have been made, experimentally or numeri-
The study of flow through a curved duct is of fundamental cally, for various shapes of the cross section. For example,
interest because of its numerous applications in fluids engi- for a circle (Dennis and Ng [1], Yang and Keller [2], Yanase
neering, such as in heat exchangers, ventilators, gas turbinesgt al. [3]), a semi-circle (Nandakumar and Masliyah [4]), an
aircraft intakes and centrifugal pumps. The flow through a oval (Kao [5]) and a rectangle (Ligrani and Niver [6], Yanase
curved duct shows physically significant features under the and Nishiyama [7], Thangam and Hur [8] and Finlay and
action of the centrifugal force caused by the curvature of the Nandakumar [9]). An extensive treatment of the bifurcation
duct. The presence of curvature generates centrifugal forcesstructure of the flow through a curved duct of rectangular
which act right angle to the main flow direction and pro- cross section was presented by Winters [10] and Yanase et
duce secondary flows. One of the interesting phenomena ofy, [11].
the flow through a curved duct is the bifurcation of the flow A remarkable characteristic of the flow through a curved
because generally there exist many steady solutions in theqyct is to enhance heat transfer to the fluid from two dif-
ferentially heated sidewalls. However, experimental inves-
* Corresponding author. Tel.: +8186 251 8226; fax: +81862518266.  tigations of heat transfer in curved duct flows are limited
E-mail addressyanase@mech.okayama-u.ac.jp (S. Yanase). because of the difficulties associated with the measurement
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Nomenclature
d half width of the cross section of the duct v velocity component in the-direction
dp hydraulic diameter w velocity component in the-direction
Dn Dean number X horizontal axis
g gravitational acceleration y vertical axis
G mean pressure gradient z axis in the direction of the main flow
Gr Grashof number
h half height of the cross section Greek letters
of the duct y coefficient of thermal expansion
l aspect ratio of the cross section 3 curvature of the duct
L radius of the duct curvature K thermal diffusivity
Nu Nusselt number A resistance coefficient
Pr Prandtl number i viscosity
t time v kinematic viscosity
temperature o density
u velocity component in the-direction ¥ sectional stream function

of fluid temperature profile, while corresponding numerical numbers (106< Gr < 1000) over a wide range of the Dean
calculations are reported by many authors. In the studies ofnumber (0< Dn < 1000). The effect of secondary flows on
heat transfer in a curved channel, Cheng and Akiyama [12] the heat transfer from the walls to the fluid is also studied by
and Mori et al. [13] numerically predicted steady, fully de- calculation of the Nusselt number.

veloped laminar forced convection in channels with uniform

heat flux boundary conditions. Cheng and Akiyama [12] em-

ployed aspect ratio ranging from 0.2 to 5, whereas Mori et al. 2. Basic equations

[13] used a square channel. In both investigations, tempera-

ture and velocity results showed clear evidence of secondary Consider an incompressible viscous fluid streaming
flows. Yee et al. [14] conducted numerical calculations to through a curved duct with a constant curvature. The cross
predict steady laminar flows with the boundary conditions of section of the duct is a rectangle with widtd and height
constant temperature in channels with aspect ratios of 0.33,2k. The flow is driven by a constant pressure gradient

1 and 3 where no gravitational effect and hence no buoyancya|0ng the center-line of the duct, i.e., the main flow in the
effect was included. Komiyama et at. [15] presented numer- z-direction (see Fig. 1). It is assumed that the flow is uni-
ical calculations to predict fully developed Nusselt numbers
and secondary flows in a curved channel with no buoyancy
influence. They treated channels of aspect ratios ranging
from 0.8 to 5, and assumed constant heat flux boundary con-
ditions. Ru and Chang [16] considered combined free and L
forced convections for fully developed flows in uniformly
heated curved tubes. Ligrani et al. [17] studied channels of
aspect ratio 40 and showed that the formation of secondary
vortices is more affected by external heating at the outer
wall than on the inner wall of the passage. Recently, Chan-
dratilleke and Nursubyakto [18] performed numerical calcu- h
lations to obtain secondary flows through curved rectangular d q
ducts of aspect ratios 1 to 8, where the outer wall was heated.
They studied for small Dean numbeidn, and compared 3 >T
the numerical results with their experimental data. Recently,
Yanase et al. [19] studied the transition from steady flow to Cold Y
chaos via periodic states of isothermal and non-isothermal
flows through a curved rectangular duct of aspect ratio 2 for
a wide range of the Dean number. In the present paper, a
numerical investigation is presented for the non-isothermal
flows through a curved rectangular duct with a temperature
difference between the vertical sidewalls for larger Grashof Fig. 1. Coordinate system of the curved rectangular duct.
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form in the z-direction and that the outer sidewall is heated The Dean numbebn, the Grashof numbeGr and the
while the inner one is cooled. The temperature of the outer Prandtl numbePr which appear in Egs. (2)—(4) are defined
wall is To + AT and that of the inner wall iy — AT where as

_AT > 0. All the var_iables are non—dimensionglized by_us— Gd3 [2d ygATd3 v

ing the representative length the representative velocity Dn= VI Gr= 7 Pr= - (6)

Uo = v/d, the representative tim¢/Up = d?/v, wherev H S o

is the kinematic viscosity, and the representative tempera-Hereu, v, « andg are the viscosity, the coefficient of ther-
ture AT. Velocity components in the- and y-directions mal expansion, the coefficient of thermal diffusivity and the

are non-dimensionalized b¥o, and byUg/+/25 in the z- gravitational acceleration respectively. In the above formu-
direction, wheres = d/L is the curvature of the duct, lation, five non-dimensional parameterss, Dn, Gr and

is the radius of the duct curvature, and temperature is non-PT aré used. In the present studyn and Gr are varied
dimensionalized byAT. Henceforth, all the variables are While 8, Prand/ are fixed as§ = 0.1, Pr = 7.0 (water) and

non-dimensionalized if not specified. - - o
Velocity components in the-, y- and z-directions are The rigid boundary condiitions fap andy are used as

u, v andw respectively. Since the flow field is uniform in ;41 y) = w(x, +1) = Y (£1, y) = ¥ (x, £1)

thez-direction, the sectional stream functignis introduced v v
as =—(1L,y)=—(x+1)=0 (7)
dax ay
"= 1 % v=— 1 3y 1) and the temperatur is assumed to be constant on the walls
14 6x dy 146x ox as
A new coordinate variabley’ is introduced in they- T, y)=1, T(-1,y)=-1, T(x, 1) =x (8)

direction asy = Iy, wherel = h/d is the aspect ratio of
the duct cross section. From now ondenotesy’ for the
sake of simplicity. The basic equations far, v and T

It should be noted that Egs. (2)—(4) are invariant under the
transformation of the variables

are then derived from the Navier—Stokes equations and y=-y
the energy equation with the Boussinesq approximation w(x,y,t) = w(x, —y, 1) ©)
as, l”(xv)’sf):—lﬂxa—)’sf)
11 ow 18(w,1ﬂ) 8211) T(x,y,t):>—T(x,—y,t)
a1+ X)E + 13(x,y) 1+ dx Therefore, the case of heating the inner sidewall and cooling
Iy Jw the outer sidewall can be deduced directly from the results
=A4+8x)Aw— —— w4 5— 2 ined in thi
(1+éx)Azw A5 1) 9y w8 (2) obtained in this paper.
(A 5§ 9 )aw
2 1+6x0x) ot 3. Method of numerical calculation
S S LG 125 AN The method adopted in th t ical calculat
TR, p (1t 02 _ e method adopted in the present numerical calculation
1+ 3.y 1+ xz) 5 is the spectral method, in which variables are expanded in se-
y [%<2A21/f 3 oy M) 0y %y } ries of functions consisting of Chebyshev polynomials. That
ay 1+6x 0x 9x2 dx 0xdy is, the expansion function®,, (x) and¥, (x) are expressed
L8 [ 2%y 382 aw} as
(1+8x)2|7 9x2  1+6x ox @, (x) = (1—x%)Cp(x)
2
B0 st W,(x) = (1— x2)%Co(x) (10)
14 6x 0x [ dy
oT where
2
+A3Y —Gril+dx)—— 3 ¢,x) =cogncos ) (11)
aT 1 ar,y) 1 AT 8§ oT (@) is thenth order Chebyshev polynomiab.(x, y, t), ¥ (x, y, 1)
9t I(L+6x) a(x,y) Pr + 1+6x ox andT (x, y,t) are expanded in terms of the functiohg(x)
andy, (x) as
where W v
82 1 82 U)(.x, yat):Zmzozn:owmn(t)ém(x)(pn()o
A= —s + = W (x, 3,0 = Ym0 Xoneo Vmn (O (X)W, (3) (12)
x2 12 9y2

M N
(£ g) B 3f dg af dg T(x,y, )= Zm:OZn:O Tonn () Py (x) P (y) + x

a(x, y) = a@ - @a (5) whereM and N are the truncation numbers of the polyno-
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mial series in thex- and y-directions respectively. The ex- 4. Resistance coefficient and the Nusselt number
pansion coefficients,,,, ¥, andT,,, are then substituted
into the basic Eqgs. (2)—(4) and the collocation method is ap-
plied. As a result, the nonlinear algebraic equationsugy,

Ymn and T, are obtained. The collocation points; (y;)

are taken to be

In the present study, the resistance coefficieistused as
the representative quantity of the flow state. It is also called
the hydraulic resistance coefficierdand is generally used in
fluids engineering, defined as

i * *
xi=cos[n<1— )} PP _ A1 .02 14
M-.|-2 A —dzzmw ) (14)
=codm(1-—L— (13) " . . . .
Yi= N+2 where quantities with an asterisk denote dimensional ones,

. . () stands for the mean over the cross section of the rectan-
wherei =1,....M+1andj=1...,N+1.Thesteady  qgyjar duct, the density, and; = 4(2d x 2d1)/(4d + 4dI)
solutions are obtained by the Newton—Raphson iteration g the hydraulic diameter. The mean axial velodity*) is
method and the convergence is assured by taking< calculated by

1019, where subscripp denotes the iteration number and

ep is defined as 1 1
0= mal ]
w=——+ [ dx | w(x,y,0)d 15
ww oo (w) Wi y, 1) dy (15)
ep=2_ D [(win™ —wiin) -
m=0n=0 Since (P} — P§)/Az* = G, A is related to the mean non-
+ (Yab D — g PN (D — 102 dimensional axial velocityw) as
In the present numerical calculationd, = 20 andN = 40 8/./25Dn
have been used to give sufficient accuracy of the solutions,” = 1+ D)(w)? (16)

which will be discussed in Section 5.1.1.

_ To solve the steady solutiow(x,y), ¥(x,y) and  where(w) = v/25d(w*)/v. In this paper is used to dis-
T(x,y), the time derivative term8w/dt, dy/dt anddT /ot criminate the steady solution branches and to pursue the time
are setto zero, and the expansion series (12) with coefficientseyolution of the unsteady solutions. It should be remarked
W, Ymn @Nd Ty, being time independent, is substituted thatx o« Dn—2 in the limit of Dn — 0 with § keeping con-

into the basic Egs. (2)—(4). Next, linear stability of the steady stant, sincew) « Dnin this limit.

solutions is investigated against only two-dimensional ( The Nusselt numbeNu, which is used as an index of the

independent) perturbations. To do this, the eigenvalue prob-peat transfer from the walls to the fluid, is defined as
lem is solved which is constructed by the application of

the function expansion method together with the colloca- 1

tion method to the perturbation equations obtained from Eqs. Nu, = 1 /[ﬂ} dy

(2)—(4). It is assumed that the time dependence of the per- 2 R Y

turbation ise®’, whereo = o, + io; is the eigenvalue with -1

o, the real partg; the imaginary part and= /—1. If all 1

the real parts of the eigenvalue are negative, the steady Ny, = }/[B_T} dy (17)
solution is linearly stable, but if there exists at least one pos- CR N ]

itive real part of the eigenvalue, it is linearly unstable. In the

unstable region, the perturbation grows monotonically for for steady solutions. For unsteady solutions, on the other

o; = 0 and oscillatorily foro; # O. hand, it is defined as
Finally, in order to calculate unsteady solutions of the
flow, the Crank—Nicolson and Adams—Bashforth methods 1
together with the function expansion (12) and the colloca- Nu, = }/<<£ >> dy
tion methods are applied to Egs. (2)—(4). Though the present *~ 2 0X =1
numerical calculations are carried out for the Grashof num- -1
bers 100< Gr < 1000 over the range of the Dean number 1 1 9T
0< Dn <1000, in the present paper, however, two cases (i) Nu,, = = /<<— >> dy (18)
Gr =500 and (ii)Gr = 1000 are mainly discussed in detail. 2 X |1

And a schematic diagram for the distribution of the steady

and unsteady solutions, obtained by time evolution calcula- where(( )) denotes an average over a time intervalWhen
tions, is presented in the Dean number versus Grashof num-the field is periodic,r is taken as one period, and if it is
ber plane Pn-Gr) for 0 < Dn < 1000 and < Gr < 1000. chaotict is chosen as an appropriate time interval.
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5. Resultsand discussion tions and the fifth branch two-, four-, six- and eight-vortex
solutions.

Now, the accuracy of the numerical calculations is inves-
tigated for the truncation numbed$ and N used in this pa-
per. For good accuracy of the solutionsjs chosen equal to
IM, wherel is the aspect ratio of the duct cross section. The
values ofs andw (0, 0), obtained aGr = 500 andDn = 100

h £ th for I = 2, are shown in Table 1 for various valuesMfand
500 over the range of the Dean numbeg®n < 1000. N(=2M), wherew(0, 0) is the axial velocity at(x, y) =

They are shown in Fig. 2(a) for 100 Dn < 1000 usingt, (0,0). It is found thati changes @0175% fromM = 14

the representative quantity for the bifurcation analysis of j,, _ 16, Q00085% fromM = 16 to M = 18, Q00008%

the solutions. The steady solution branches are named ag,om a7 — 18 to M = 20 and 000001% fromM = 20 to

the first steady solution branciffirst branch, thick solid  ,, _ 5o w(0, 0) changes M55% fromM = 14 to M = 16,

line), thesecond steady solution brangecond branch, thin - 9399 fromM = 16 to M = 18, 0029% fromM = 18 to

solid line), thethird steady solution brancliithird branch, M =20 and 0013% fromM = 20 to M = 22. Therefore, it
dash dotdot line), théourth steady solution brancffourth is concluded that the valugg = 20 andN = 40 give suffi-
branch, dashed line) and tiith steady solution branch  cjent accuracy for the present numerical calculations.

(fifth branch, dash dotted line) respectively. In order to see  The first steady solution branch is solely depicted in
the intricate branch structures as well as to distinguish the gig. 3(a) for 10< Dn < 1000. This is the only branch which
steady solution branches from each other, an enlargementyists throughout the whole range of the Dean number of the
of Fig. 2(a) is shown in Fig. 2(b) at larger Dean numbers, present study. To observe the change of the flow patterns and
where it is observed that the steady solution branches aretemperature distributions, contours of typical secondary flow
independent and there exists no bifurcating relation amongand temperature profile at several Dean numbers are shown
the solution branches in the parameter range investigated inin Fig. 3(b), where the contours gf and7 are drawn with

this paper. It should be noted that the lower portion of the the incrementsAy = 0.6 and AT = 0.2 respectively. The
third steady solution branch overlaps the first steady solution same increments of and T are used for all the figures in

branch, as seen in Fig. 2(b). The steady solution brancheshis paper, if not specified. Right-hand side of each box is
are obtained using path continuation technique with vari-

ous initial guess (for details, see Yanase et al. [19]), and the
solution branches are distinguished by the nature and num-
ber of secondary flow vortices appearing in the cross section

5.1. Case |: Gr=500

5.1.1. Steady solutions and their linear stability analysis
With the present numerical calculations, five branches of
steady solutions are found for the Grashof numBer=

Table 1
The values of. andw(0, 0) for variousM and N (= 2M) for
Gr =500 atDn= 100

of the duct. It is found that the first branch is composed of M N A w(0, 0)
one- and two-vortex solutions. The second branch consists of 14 28 0.5637263 67.977
two- and four-vortex solutions. The third branch is charac- 16 32 0.5637362 68.015
terized by two- and four-vortex solutions, but different from 18 36 0.5637410 68.042
the second branch in the form of vortices near the outer walll. 20 40 0.5637415 68.062
. . 22 44 0.5637414 68.071
The fourth branch contains two-, four- and six-vortex solu-
0.6 9 p
0.2 ., sltl;scto%?rl‘)ignch
\.\ —————— third branch
osp\ R 4
0.4
A
0.3f
0.2
0 1 L 1 L 1 L 1 L 1 L 1 1 L 1 1 1 L 1
) 200 400 600 800 1000 700 800 900 1000
Dn Dn

@ (b)

Fig. 2. (a) Steady solution branches f8r = 500 and 10G< Dn < 1000. (b) Enlargement of (a) at larger Dean numbers (5 < 1000).
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o+ i Dn =10
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0 200 400 600 800 1000

Dn Dn 0 50 100 138 200 500 1000
@ (b)

Fig. 3. (a) First steady solution branch with the region of linear stability (bold line), (b) contours of secondary flow (top) and temperatureotiafileféio
the first steady solution branch f@r = 500 and 0< Dn < 1000 Ay = 0.6, AT =0.2).

in the outside direction of the duct curvature. In the figures
of the secondary flow, solid lines (positive) show that the
secondary flow is in the counter clockwise direction while
the dotted lines (negativg) in the clockwise direction. In
the figures of the temperature field, solid lines are those for
T > 0 and dotted ones fof < 0. As seen in Fig. 3(b),
the first steady solution branch consists of one- and two-
vortex solutions which are asymmetric with respect to the
horizontal centre plane = 0. Heating the outer wall causes
deformation of the secondary flow and yields asymmetry of Fig. 4. Contour of secondary flow (left) and temperature profile (right) for
. . . . Gr =500 andDn= 100 att =8 (Ay = 0.6, AT =0.2).
the flow. With the heating and cooling the sidewalls, changes
of fluid density induce thermal convection in the fluid. The
resulting flow behaviour in the cross section is, therefore, de-
termined by the combined action of the radial flow caused by
the centrifugal body force and the convection by the temper- Dn
ature difference. At smaller Dean numbers, the centrifugal © 0.000000 ~7.392x 107! 0

Outer wall
Outer wall

Table 2
Linear stability of the first steady solution branch r =500

A or o;

body force is weaker and the thermal convection dominates 50 0.963474 ~1.3%6x 10:1 0

the flow; the resulting flow consists of a single vortex which 8’33;%2 :g'ggi 1%_1 8
occupies the entire cross section. At larger Dean numbers, on ¢, 47 0253199 2550 x 10-4 +2816 x 10
the other hand, the centrifugal body force becomes stronger sg4 .48 0.253195 886x 10-4 +2.816x 10
and the secondary flow is gradually re-built. 365 0.252973 B71x 1072 +2.818x 10
Linear stability of the steady solutions is then studied. It 500 0.209231 129% 10 +3.196x 10
1000 0.142268 £36x 10 +5.296x 10

is found that among five branches of steady solutions, only
a portion of the first steady solution branch is linearly sta-
ble, while all the others are linearly unstable. Table 2 shows 500 and 1000. It is found that the flow approaches a steady
the eigenvalues of the first steady solution branch, where thestate monotonically fobn = 100, where the initial condi-
eigenvalues with the maximum real partcofire presented.  tion is used from the first steady solution branch with a small
Those for the |ineal’|y stable solutions are printed in bold let- perturbation_ A Sing'e contour of the Secondary flow and
ters. As seen in Table 2, the stability region exists for the temperature profile fobn = 100 at timer = 8 is shown in
region O< Dn < 36447 and the perturbation grows oscillat-  Fig. 4. Itis found that the flow is a two-vortex solution which
ing (0; # 0) for Dn > 364.48. Linearly stable steady solution  closely agrees with the steady solution on the first steady so-
region is shown with a thick solid line in Fig. 3(a). Itis found  |ution branch which is linearly stable. Time evolution jof

that the Hopf bifurcation takes placeldan ~ 36447. for Dn = 400 is shown in Fig. 5(a), using the initial condition
from the second steady solution branch. This figure clearly
5.1.2. Time evolution for G 500 shows that the flow is periodic fddn = 400. In the same

Time evolution calculations are performed for the Gras- figure, to explore the relationship between the periodic solu-
hof numberGr = 500 at the Dean humbeBn = 100, 400, tion and the steady states, steady values oh the steady
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0.28

0.26

0.24

— first branch
second branch
—————— = third branch

0.22
1 1 L 1 1 n
0 2 4 6 8 10

@

1053

@J

t 720 724 728 732 736 742

(b)

Fig. 5. The results fo6r = 500 andDn = 400. (a) Time evolution of and the values of for the steady solutions atQ ¢ < 10, (b) contours of secondary
flow (top) and temperature profile (bottom) for one period of oscillation20 € ¢ < 7.42 (Ay = 0.6, AT = 0.2). Time is non-dimensionalized, as is in all

the figures appearing henceforth.

0.24—\" R

0.22

— first branch
second branch
————— third branch

0o 2 4 6 8 10

02F

@

6.7
(b)

5.7 6.2

Fig. 6. The results fo6r = 500 andDn = 500. (a) Time evolution of and the values of for the steady solutions atQ ¢ < 10, (b) contours of secondary
flow (top) and temperature profile (bottom) faRx ¢ < 7.7 (Ay = 0.6, AT =0.2).

solution branches @n = 400 are also shown which are in-

also been examined, and it is found that the chaotic solution

dicated by straight lines using the same kind of lines as weremoves around the same place~ 0.22) though two differ-
used in the bifurcation diagram in Fig. 2. As seenin Fig. 5(a), ent initial conditions were used from two steady solutions.

the periodic solution oscillates around= 0.2427 in the re-

On the other hand, the chaotic solutiorDat= 1000, where

gion between the second and third steady solution branchthe initial condition is used from the third steady solution

and the second steady solution branth=0.2408) is seen

branch, moves around= 0.1655 above all the steady solu-

to be a lower bound of this oscillation. To observe the change tion branches and the steady solution branch having the max-
of the flow characteristics, as time proceeds, contours of sec-imum A (A = 0.1603, upper part of the third steady solution

ondary flow and temperature profile fon = 400 are shown
in Fig. 5(b), for one period of oscillation, atZ0 < r < 7.42.
Fig. 5(b) shows that the periodic oscillationt = 400 is a
two-vortex solution.

Next, time evolution ofs together with the values of

branch) looks like an envelope of this chaotic solution. Thus
it is suggested that occurrence of the chaotic state is related
with destabilization of the steady solutions, which reminds
us the case of Lorenz chaos [20]. To observe the change of
the flow pattern, contours of typical secondary flow and tem-

for the steady solution branches, indicated by straight lines, perature profile are shown fém=500at61 <7 < 7.6 and

are shown forDn =500 and 1000 in Figs. 6(a) and 7(a),

for Dn= 1000 at 40 < ¢ < 6.0 in Figs. 6(b) and 7(b) re-

respectively. Figs. 6(a) and 7(a) show that the flow oscil- spectively, where the incrementsyy = 1.2 andAT = 0.4
lates irregularly which suggests that the flow is chaotic for are used foDn = 1000. As seen in the secondary flow pat-
both of the cases. It is noted that the chaotic solution at terns, multi-vortex solution is observed for the chaotic solu-

Dn = 500 drifts around: = 0.22 between the upper and

tions (On =500 and 1000) though a two-vortex solution is

lower parts of the second steady solution branch. Initial con- found for the steady-stat®( = 100) and periodic solutions

dition independence for the chaotic solutioat= 500 has

(Dn = 400).
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0.18
I
s |

0.14 i

— first branch
second branch
=-.=.=.- third branch
---------- fourth branch
--------- fifth branch
] 1 1 L L - 1 : : *
0.12 0 P 4 6 8 10
t t 6.0 6.4

(@) (b)

Fig. 7. The results fo66r = 500 andDn = 1000. (a) Time evolution of and the values of for the steady solutions atQ < 10, (b) contours of secondary
flow (top) and temperature profile (bottom) fab&< 7 < 8.0 (Ay = 1.2, AT =0.4).

5.1.3. Nusselt number g — Nu for cooled (inner) sidewall

) i Nu for heated (outer) sidewall X
The Nusselt numbeNu, defined in Eq. (17), can be used s X
as an index of the convective heat transfer from the walls to 7+ X
the flow. If the flow field is not steady, time-average of the - X
Nusselt numbemNu;, is used which is defined in Eq. (18). 6 X
To study the convective heat transfer for differentially heated < i
vertical sidewalls, variation of the Nusselt number with the = 5
Dean number is shown in Fig. 8 for the first steady solution i o © o ©
branch, where a thick solid line denotBisl. on the inner
sidewall and a thin solid linBlu, on the outer sidewall. Since
among the steady solution branches obtained only the first
steady solution branch is linearly stable, calculation of the

QO Time average of Nu for cooled sidewall
X Time average of Nu for heated sidewall

N WA
—

- Dn=138
steady values of the Nusselt number is meaningful only for -

L 1 L 1 1 1 L 1 1 1
this branch. The time-average Nfj, calculated by the time 0 200 400 600 800 1000
evolution computations on the inner and outer sidewalls at Dn
several values of the Dean number, is also shown in the same o . ]
figure. In order to study the details of the heat transfer from Fig. 8. Varla‘tlon of the Nussielt number with the Dean number for the first
. . ) steady solution branch f&r = 500.

the walls to the fluid, temperature gradients on the inner and
outer sidewalls are calculated which are shown in Fig. 9(a)
and (b), respectively. reverse flow of the outward secondary flow in the central re-

The behavior of the Nusselt number, as the Dean num- gion. Since the decrease of the Nusselt number in the central
ber increases from zero, is now discussed by examinationregion is stronger than the increase of the Nusselt number in
of Figs. 8 and 9. As seen in Fig. 8, the values of the Nus- the other regions for small Dean numbers, the Nusselt num-
selt number are different on both the sidewalls Bor= 0. ber on the inner sidewall decreases as the Dean number goes
On the inner sidewall the Nusselt number is larger than that up from zero. However, as the Dean number exceeds a crit-
on the outer sidewall. This is due to the bend of the duct. ical valueDn, ~ 138, the increase o}~ in the upper and
The relative magnitude of the Nusselt number, however, re- lower regions overwhelms the decreasé%—@fin the central
verses as the Dean number increases as seen in Fig. 8. Thigegion, soNu begins to increase on the inner sidewall. As
behavior can be understood if the profiles of the tempera- seen in Fig. 9(b), which shows the temperature gradient on
ture gradient% on both sidewalls are studied. In Fig. 9(a), the outer (heated) sidewaig increases, as the Dean num-
it is shown that% on the inner (cooled) sidewall decreases ber goes up, over the whole region except for small Dean
in the central region around = 0 as the Dean number in- numbers. This is because the secondary flow enha%g:es
creases. It is easily found from Fig. 3(b) that this is caused not only in the central region but in other regions as well if
by the advection of the secondary flow in the outward di- the Dean number is greater than 100. Even for small Dean
rection aroundy = 0 due to the centrifugal force. It is also numbers%—f increases remarkably in the upper and lower
shown in the same figure th% tends to increase in the regions, and theNu monotonically increases as the Dean
regions other than the central region when the Dean numbemumber goes up from zero.
becomes greater than 100. This is caused by the advection of Time-average of the Nusselt number, obtained by the time
the secondary flow in the inward direction there, which is a evolution computation of the Nusselt number for the inner
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Fig. 9. Temperature gradient f@r = 500. (a) At the cooled sidewall, (b) at the heated sidewall.

0.6 0.2
\ —— first branch
N second branch
. ——— third branch
£ — fourth branch
~. e fifth branch
0.18
2 A
0.16
O 1 l l I . l . . | | . 0.1 4 . 1 | 1 L 1
) 200 400 600 800 1000 700 800 900 1000
Dn Dn

(@) (b)
Fig. 10. (a) Steady solution branches €&r= 1000 and 10& Dn < 1000. (b) Enlargement of (a) at larger Dean numbers & @h < 1000).

and outer sidewalls, is calculated at several values of thethe Grashof numbeBr = 1000 over the Dean number<Q
Dean number for both the periodic and chaotic solutions Dn < 1000. They are shown in Fig. 10(a) for 160Dn <

and plotted with the steady values of the Nusselt number in 1000. The steady solution branches are named, as they were
Fig. 8. As seen in Fig. 8, time-averaged values of the Nus- called for Gr = 500, thefirst steady solution brancffirst

selt number are larger than the steady values of the Nusselbranch, thick solid line), theecond steady solution branch
number on the first steady solution branch for both the inner (second branch, thin solid line), thhird steady solution
and outer sidewalls, which suggests that occurrence of pe-branch (third branch, dash dotdot line), tHeurth steady
riodic or chaotic flow enhances heat transfer in the flow. It solution branch(fourth branch, dashed line) and tfiéh
should be remarked that the tendency of increasing the Nus-steady solution brancififth branch, dash dotted line) re-
selt number is larger on the outer sidewall than that on the spectively. To individualize the steady solution branches, an
inner sidewall for larger Dean numbers, which can be ex- enlargement of Fig. 10(a) is shown in Fig. 10(b) for larger
plained by the fact that many subsidiary secondary vortices Dean numbers (70§ Dn < 1000) where it is observed that

are generated near the outer sidewall [18]. there exists no bifurcating relation among the steady so-
lution branches in the parameter range investigated in this
5.2. Case II: Gr=1000 paper. However, it is noticed that the lower part of the sec-

ond steady solution branch overlaps the first steady solution
5.2.1. Steady solutions and their linear stability analysis ~ branch, and the lower part of the third steady solution branch
After a comprehensive survey over the range of the pa- is very close to that of the fourth steady solution branch
rameters, five branches of steady solutions are found forat larger Dean numbers. The steady solution branches are
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Fig. 11. (a) First steady solution branch with the regions of linear stability (bold line), (b) contours of secondary flow (top) and temperatuifoofile
for the first steady solution branch f@r = 1000 and 6< Dn < 1000 Ay = 0.6, AT =0.2).

differentiated by the nature and number of secondary flow Table 3
vortices appearing in the cross section of the duct, and it is Linear stability of the first steady solution branch @r = 1000

found that the secondary flow patterns on the steady solutionpn A or o
branches foGr = 1000 are qualitatively similar to those for 0 0.000000 _8.456 x 10-1 0
Gr =500. 50 0.961952 -8.642 x 1071 0
The first steady solution branch is exclusively depicted 93276 0.574974 —-3.830 x 107° +5.484
in Fig. 11(a) for 10< Dn < 1000, and the contours of typi- 93.277 0.574969 204x 1072 +5.484
cal secondary flow and temperature profile at several values 100 0.546435 B69x 1071 +£5.845
of the Dean number in Fig. 11(b). In Fig. 11(b), to plot the 198172 0.516880 353 10:2 +7.312
contours ofyr andT, the incrementd\y andAT are taken 122'173 g'iigg;g :;éﬁi: 18_1 :I:g.3l3
the same as were considered for the cas&mwf 500. As 141.24 0.437981 8572 x 104 £1.095 x 10
seen in Fig. 11(b), the secondary flow is in the form of one- 14125 0.437960 451 x 10-5 +1.095x 10
vortex and asymmetric two-vortex solutions. Similar forms 200 0.343613 483 +3.091
of vortices were also found for the respective branch for 205.998 0.342926 892x 10°4 +1.438
Gr =500. Then linear stability of the steady solutions is in- 206 0.342929 ~7.104 x 10~4 +1.436
vestigated. It is found that among five branches of steady 220 0.320104 —4.959x 10:1 0
solutions only the first steady solution branch is linearly sta- 300 0.286776 —4.866 x 10_5 0
) . . .~ 382.874 0.247772 -1.326 x 10 +3513 x 10
ble in three different |ntgrvals of the Dean_number, while 382 875 0247771 976 10-6 13513% 10
all the other steady solution branches are linearly unstable. gqq 0.211197 @01 +3.895% 10
Eigenvalues with the maximum real part @fof the first 1000 0.142989 £85x 10 +5.818x 10

steady solution branch are shown in Table 3. In Table 3, the
eigenvalues for the linearly stable solutions are printed in
bold letters. As seen in Table 3, stability regions exist for o L )
0< Dn< 93276, 108173< Dn < 14124 and 206< Dn < 50, whatever the initial condition is. Time evolutions »of
382874, and the perturbation grows oscillating & 0) for Dn = 100 and 175, using the initial conditions on the
for 93.277 < Dn < 108172, 14125 < Dn < 205998 and first steady solution branch, are then studied as shown in
Dn > 382875. Linearly stable steady solution regions are Figs. 12(a) and 13(a), respectively, where it is seen that the
shown with thick solid lines in Fig. 11(a). Itis found that the flow is periodic for bothDn = 100 and 175 but different
Hopf bifurcation takes place &n~ 93.276,Dn~ 108173 in nature. It is noted that time evolution affor Dn = 125

andDn & 382874. shows that the flow is steady. To explore the relationship be-
tween the periodic solution and the steady state, the values
5.2.2. Time evolution for G& 1000 of A on the first steady solution branchm = 100 and 175

In order to study the nonlinear behavior of the unsteady are also shown with straight lines in the respective figures.
solutions, time evolution calculations of the velocity and It is observed that the periodic solution@h = 100 oscil-
temperature fields are performed for the Grashof numberlates along the first steady solution braneéh~{ 0.5464),

Gr = 1000 at the Dean numbeBn =50, 100, 125, 175, whereas the periodic solution Bin = 175 oscillates mul-
300, 500 and 1000. It is found that the solution approaches atiperiodically above the first steady solution branch, and
single vortex steady-state solution monotonically Eor= the branch seems to be an envelope of this periodic solu-
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Fig. 12. The results for = 1000 andDn = 100. (a) Time evolution of and the value of. for the steady solution at€ r < 20, (b) contours of secondary
flow (top) and temperature profile (bottom) for one period of oscillation &8 &5 < 16.8 (Ay = 0.6, AT =0.2).
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Fig. 13. The results for = 1000 anddn = 175. (a) Time evolution of and the value of. for the steady solution at€ ¢ < 40, (b) contours of secondary
flow (top) and temperature profile (bottom) for one period of oscillation & 80 < 32.0 (Ay = 0.6, AT =0.2).

tion. To observe the periodic change of the flow pattern, same kind of lines as were used in the bifurcation diagram
contours of typical secondary flow and temperature profile in Fig. 10. As seen in Fig. 14(a), the periodic solution at
for one period of oscillation are drawn fan = 100 at Dn = 500 drifts around. = 0.2182 in the region between the
158 <r <168 and forDn= 175 at 306 <7 <320 in upper and lower parts of the second steady solution branch.
Figs. 12(b) and 13(b) respectively, where it is found that In this regard it should be noted that though a chaotic solu-
the periodic oscillations are of two-vortex solution with one tion was found for a moderate Grashof numb@r & 500)
large vortex dominating the other one, and as the Dean num-at Dn = 500, for a larger Grashof numbegK = 1000), on
ber becomes large the smaller vortex expands gently, whichthe other hand, the periodic solution is observed at the same
resembles the change of the flow pattern on the first steadyDean number [Pn = 500). Contours of typical secondary
solution branch shown in Fig. 11(b). Time evolutionsxof  flow and temperature profile are shown 1on = 500, for
for Dn = 300 show that the flow is steady like the case of one period of oscillation, at.87 <z < 7.17 in Fig. 14(b).
Dn =50 and 125. Linear stability analysis also reveals that As seen in Fig. 14(b), the periodic solution @h = 500
the steady solution is linearly stableli =50, 125 and 300, is a two-vortex solution. Time evolution of is then per-
and that the periodic solutions in the unstable regions re- formed forDn = 1000 using the initial condition from the
sult from the Hopf bifurcation on the first steady solution third steady solution branch, as shown in Fig. 15(a). In this
branch. figure, the time evolution computation together with the val-
Next, time evolution ofx is performed forDn = 500, ues ofa for all the steady solution branches = 1000,
using the initial condition on the second steady solution indicated by straight lines, are plotted. It is seen that the
branch, as shown in Fig. 14(a), where it is found that the flow oscillates irregularly around = 0.165, which sug-
flow again turns into time periodic. In Fig. 14(a), the val- gests that the flow is chaotic. Initial condition independence
ues ofa for all the steady solution branchestat = 500 are has also been examined using the initial condition from the
also shown, which are indicated by straight lines using the second steady solution branch, and it is observed that the
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Fig. 14. The results foBr = 1000 anddn = 500. (a) Time evolution of. and the values of for the steady solutions atQs < 10, (b) contours of secondary
flow (top) and temperature profile (bottom) for one period of oscillation@I & ¢ < 7.17 (Ay = 0.6, AT =0.2).
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Fig. 15. The results fo&r = 1000 andOn = 1000. (a) Time evolution of and the values of for the steady solutions atQ¢ < 10, (b) contours of secondary
flow (top) and temperature profile (bottom) fa0&< ¢ < 8.0 (Ay =1.2, AT =0.4).

chaotic solution moves around the same place: (0.165)

above all the steady solution branches, like the case for

Gr =500 atDn = 1000. To observe the irregular change

5.2.3. Nusselt number
Since among the steady solution branches obtained, only
the first branch is linearly stable, steady values of the Nusselt

of the chaotic flow behavior, as time proceeds, contours of number forGr = 1000 are calculated only for this branch.

secondary flow and temperature profile fon = 1000 are
shown in Fig. 15(b) for ® < r < 8.0, where the incre-
mentsAy = 1.2 and AT = 0.4 are used. As seen in the
secondary flow patterns, a four-vortex solution is found for
the chaotic solution dn = 1000 as also found faer = 500
atDn = 1000.

It is interesting to note that in the linearly unstable re-
gions, periodic solutions develop in three different inter-
vals of the Dean number, @8 < Dn < 10817, 14125 <
Dn < 20599 and 3887 < Dn < 565, and the flow under-
goes the scenaristeadyperiodic-steadyperiodic-steady
periodicchaotic when the Dean number is increased. It is
found that the three periodic solutions are quite different in

Variation of the Nusselt number with the Dean number is
shown in Fig. 16, where a thick solid line denoteg. on
the inner sidewall and a thin solid lifdu, on the outer side-
wall. In order to study the phenomena for the convective heat
transfer from the walls to the fluid, temperature gradients
on the outer and inner sidewalls are also calculated though
they are not shown here. It is found that the behavior of the
steady values of the Nusselt number and that of the tem-
perature gradient%% on both the inner and outer sidewalls
for Gr = 1000 are nearly the same as that of the case for
Gr =500.

Time-average of the Nusselt number on the inner and
outer sidewalls at several values of the Dean number are cal-

the form of secondary flow patterns as seen in Figs. 12— culated for both the periodic and chaotic solutions, and plot-
14. These periodic solutions are thought to be related to theted with the steady values of the Nusselt number in Fig. 16.

branches of the periodic solutions bifurcating from the Hopf
bifurcation point.

Though the results are nearly similar to those of the case for
Gr =500, it must be noticed that the increase of the Nus-
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Fig. 16. Variation of the Nusselt number with the Dean number for the first Dn

steady solution branch f@r = 1000.
Fig. 17. Distribution of the time-dependent solutions in the Dean num-

ber versus Grashof numbebrf — Gr) plane for 0< Dn < 1000 and

selt number from the steady values takes place for larger0 < Gr <1000 ©: steady-state solutiors: periodic solution (shaded re-
Dean numbers compared with the caseGor= 500. This is giops),_A: cha_otic solution and solid lines are the rough boundaries of the

. . periodic solutions).
because the flow becomes chaotic for relatively small Dean
numbers at lower Grashof numbers, whereas it remains peri-
odic for higher Grashof numbers. Thus, it is concluded that 6. Conclusions
chaotic states enhance heat transfer more effectively than
periodic states. From Figs. 8 and 16, it is seen that the in- A detailed numerical study of the non-isothermal flows
crease of the Dean number leads to gradual enhancement ofhrough a curved rectangular duct of aspect ratio 2 has been
the Nusselt number. To compare the convective heat transferconducted with consideration of convective heat transfer by
of a curved duct with that of a straight channel, an addi- use of the spectral method. In the present study, a temper-
tional calculation of the Nusselt number for a straight chan- ature difference is applied between the vertical outer and
nel is conducted. It is found that at the specific Dean num- inner sidewalls, where the outer wall is heated and the in-
ber,Dn = 600, which is equivalent to the Reynolds number ner one is cooled. In this paper, numerical computations of
Re= Dn/+/2§ = 1342, the Nusselt number on the outher the flow characteristics are performed over a wide range of
sidewall for the curved duct is approximately 100% larger the Dean number & Dn < 1000 for the Grashof numbers

than that of the corresponding straight channel. 100 < Gr < 1000, among which two cases of the Grashof
numbersGr = 500 andGr = 1000 are studied in detail.
5.2.4. Phase diagram in the Dn—Gr plane After a comprehensive survey over the range of the pa-

Finally, the distribution of the time-dependent solutions, rameters, five branches of asymmetric steady solutions are
obtained by the time evolution calculations of the flow, is found for bothGr = 500 and 1000. Linear stability with
shown in Fig. 17 in the Dean number versus Grashof num- respect to two-dimensional perturbations reveals an impor-
ber On—Gr) plane for 0< Dn < 1000 and X Gr < 1000, tant as well as unexpected results. It is found that among
where the regions of periodic solutions are displayed with five branches of steady solutions only a limited portion of
shading surrounded by solid boundaries. As seen in Fig. 17,the first steady solution branch is linearly stable in a sin-
the steady flow turns into chaos through periodic flows as the gle interval of the Dean number f@r = 500. The same
Dean number increases keeping the Grashof number fixedbranch is found to be linearly stable in three different inter-
However, for larger Grashof number&r(> 850), it is ob- vals of the Dean number f@r = 1000, and there exists no
served that there exist three exclusive regions of the Deanlinearly stable region in any other steady solution branch.
number where the solution is time periodic. If the Dean It is found that the Hopf bifurcation and inverse Hopf bi-
number is increased further, the solution becomes chaoticfurcation occur at the Dean numbers of the boundaries be-
no matter what the Grashof number is. It is interesting to tween the stable and unstable regions. Time evolution calcu-
note that for larger Grashof numbers, the regions of peri- lations of the flow show that fo&r = 500, the laminar flow
odic solutions increase while the occurrence of chaotic statesturns into chaos through time periodic states in a straightfor-
is slightly delayed as the Dean number increases. However,ward way ‘steadyperiodic-chaotic, for Gr = 1000, on the
as the Grashof number increases further, the region of pe-other hand, the flow undergoestéadyperiodic-steady
riodic solutions expands gradually and the three regions of periodic-steadyperiodicchaotic, as the Dean number is
periodic solutions merge into a single region of periodic so- increased. It is worth mentioning that irregular oscillation
lutions whenGr > 2000. of isothermal flows through a curved rectangular duct has
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